In this paper, periodic nonlinear error of laser encoder for nano-displacement measurement caused by imperfection of polarizing-beam splitter (PBS), quarter-wave plate (QWP), and laser source is modeled by using the Jones matrix analysis. The results reveal that the peak-topeak nonlinearity resulting from imperfect PBS and QWP, and non-orthogonality and ellipticity of the polarized laser beams is obtained as 14.82 nm. Also, considering typical values of transmittance and reflectance coefficients of PBS and different retardation errors of QWP, the first-order and second-order nonlinearities are respectively revealed resulting from imperfect PBS and QWP.
Introduction
LASER Measurement in nano-scale is one of the fundamental necessities for high precision industries such as semiconductor manufactories and machine tools. Nano-metrology in semiconductor industry is used for photolithography machines and semiconductor inspection tools. Photolithography machines are used for making nano-scale transistor patterns on wafers with absolute accuracy. These machines require that measure the position of wafer stages in six axes with sub-nanometer uncertainty [1] .
There are two types of displacement for each stage; translational displacement and rotational displacement. Linear displacement in x, y, and z directions are introduced by Δx, Δy and Δz [2] , and rotational displacements in same axes are introduced with pitch, yaw, and roll. Interferometer and autocollimator are respectively used for measurement the linear and angular displacements [3] - [6] . But the laser encoder can measure both linear and angular displacement, simultaneously. Optical path-dependent. Some important error sources can be categorized as installation error, optics errors, electronics error, and environmental error [7] - [9] . The main part of uncertainty for measurement equipment is periodic nonlinear error. Nonlinearity in laser interferometers has been modeled by several methods such as Jones matrix analysis, neural networks, and adaptive algorithms [10] - [13] . The nonlinear errors can arise with imperfection of optical components such as polarizing-beam splitters (PBSs), quarter-wave plates (QWPs), and laser source [14] - [16] . We have investigated, modelled, and simulated the periodic nonlinear error of the laser encoder by considering non-ideal PBS and QWP [17] . Then, imperfect polarized laser beam has been considered as an error source in laser encoder [18] - [19] . Here, we investigate the nonlinearity considering all error parameters including imperfect PBS and QWP and non-orthogonality and ellipticity of the polarized laser beams. The rest of the paper is categorized as follows: A configuration of laser encoder is investigated in section 2. The Jones calculus method for obtaining the nonlinearity and simulation results are described in section 3 [17] - [20] . Finally, a conclusion is drawn in the last section.
Configuration of laser encoder
A configuration of a laser encoder is illustrated in Figure 1 [17]- [20] . According to this figure, the laser beam with wavelength λ projected on polarizing beam splitter (PBS1). In ideal case, s-polarized beam with amplitude β is reflected by PBS and projected on scale grating with grating period of g. The incident beams on scale grating are diffracted with angle of ±ψ. The p-polarized beams with amplitude α are passed through PBS1 and projected on reference grating. The incident beams on reference grating are diffracted with angle of ±ψ. The negative and positive diffracted beams from two gratings with diffraction angle ψ are bent by prisms and superimposed to generate interference signals. The interference signals are divided into four sub wave by BS, PBS2 and PBS3. The output beams from PBS2 and PBS3 are detected by PD1, PD2, PD3, and PD4 as shown in Figure 1 . The displacements in x, y, and z directions can be obtained by interference signal of the detector outputs. 
Mathematical analysis and simulation results
When the scale grating on the stage moves as a displacement of Δx along the x-axis and Δz along the z-axis, these displacements causes phase difference on positive and negative first order diffracted beams, respectively, due to the Doppler effect as follows [21] - [22] :
Now, we write the Jones matrix of electric field of beams after they passed through PBS1 as Eq. (2):
where, T and R are the transmittance and reflectance matrices of PBS, respectively,
45
Q and 0 Q are the Jones matrix of quarter-wave plates with fast axis at 45˚ and 0˚, respectively, and Ε is the electric field of laser beam with s-and ppolarizations [6] , [14] :
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And ε is the retardation error of quarter wave plate, b and δ are non-orthogonality and ellipticity of polarized laser beam, respectively. The electric fields of incident beam on each photodetector (PD1-PD4) are calculated as follow [17] :
By substitution of relative Jones matrices in Eqs. (2), (6) (11) where, Third photodetector has a cosine equation for photocurrent that is obtained by: 2  2  2  2  PD3  1  2  3  4  1 2  3 4  1  2 11 I = C +C +C +C +(C C -C C )cos(θ -θ ) 42    (12) where,
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The photocurrent of forth photodetector is calculated as follow:      (13) where, 
On the basis of the ideal condition, that TP=RS=1, RP=TS=0, and ε=b=δ=0, Eqs. (10)-(13) are simplified as: 
We use arctangent method for calculation of the phase difference caused by displacement and non-linearity from polarizing-beam splitter [6] : For non-ideal case we have: The simulation results considering wavelength 685 nm and pitch of grating 1 µm are shown in Figs. 2  and 3 . The specifications for the PBS are as follows: the transmittance coefficients for p-and s-polarized beams are 0.95 and 0.002 and the reflectance coefficients for p-and s-polarized beams are 0.05 and 0.998, respectively [14] . The retardation error of quarter wave plates is supposed 0.05 rad. These values mean that there is undesired optical leakage which induces the phase mixing and nonlinear error. The ellipticity b that is the ratio of minor to major axes is 0.1 and non-orthogonality is 3˚. As shown in Figure 3 , it can be seen that the maximum nonlinear error is 14.82 nm in non-ideal condition. The nonlinear error from non-ideal PBS (TP=0.95, TS=0.002, RP=0.05, and RS=0.998) is simulated and plotted in Figure 4 with continues line considering ideal laser source and QWP. In this figure, the nonlinear error from non-ideal QWP (ε=0.05) is plotted with dashed lines considering the ideal case for the laser source and PBS. As shown in this figure, first-order and second-order nonlinearities are happened resulting from imperfect PBS and QWP, respectively. The simulation results for different parameters of PBS are plotted in Figs. 5 and 6 , where the retardation error ε, ellipticity b, and nonorthogonality δ are supposed to be 0.05 rad, 0.1 and 3˚, respectively. It can be seen that the main contributors of PBS parameters in nonlinearity are the transmittance coefficient for p-polarized beam and reflectance coefficient for s-polarized beam. Increasing the TP from 0.95 to 0.98 causes to decrease the nonlinear error, whereas nonlinearity is increased by increasing RS from 0.989 to 0.998; both cases appear as the first-order nonlinearity. The simulation results indicate that one-or twocycle error could be produced per one wavelength (1 µm), depending on the non-ideal optical component. The simulation results for different retardation errors of QWP are plotted in Figure 7 , where TP=0.95, TS=0.0001, RP=0.05, RS=0.998, and ellipticity b and non-orthogonality δ are supposed to be 0.1 and 3˚, respectively. It can be seen that the maximum nonlinearity caused by QWPs is 4 nm and the increment in retardation error (ε) increases the nonlinearity. Figure 5 . The nonlinear error with respect to the displacement resulting from different transmittance and reflectance coefficients (TS=0.002, RS=0.998, ε=0.05, b=0.1, and δ=3˚) . The inset shows the 3D plot of nonlinear error. Nonortogonality, (degree)
Peak to peak of nonlinear error (nm) Figure 8 . The peak-to-peak of nonlinear error as a function of non-orthogonality (TS=0. 0001 Figure 9 . The peak-to-peak of nonlinear error as a function of ellipticity (TS=0.002, RP=0.05, RS=0.998, TP=0.95, δ=3˚, and ε=0.05).
The effect of ellipticity and non-orthogonality are simulated and plotted in Figs. 8 and 9 . The peak-to-peak of nonlinear error is plotted by changing the ellipticity from 0.05 to 0.25 and by changing the non-orthogonality of polarized beam from 0 to 9 . It can be seen that the ellipticity and non-orthogonality have small effect on the nonlinearity.
The calculation for negative first-order diffracted beam is as: 
Identically, for displacement in y-direction we have:
tan T -tan T 4π   (22) 
Conclusion
The effects of imperfect laser source and imperfect optical components including PBS and QWP on the nano-displacement measurement of laser encoder have been investigated. The intensity of interference signal on each photodetector is obtained by using the Jones matrices analysis. The nano-displacements in x, y, and z directions were calculated by using the intensity of interference signal. The periodic nonlinear error from optical loss of polarized beam in PBS, retardation error in quarter-wave plates, elliptically and non-orthogonality in laser source have been modeled and simulated. It can be seen that optical lose for polarized beam at the PBS and retardation error in QWPs caused additional phase difference in the output of detectors. The peak-topeak nonlinear error from these imperfect components and laser source is obtained as 14.82 nm, considering typical values of transmittance and reflectance coefficients of PBS, different retardation errors of QWP, and ellipticity and non-orthogonality.
